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ABSTRACT

Efficiently scheduling parallel computing resources across multi-
ple concurrent jobs is a core challenge in modern cloud and edge
computing systems that support Al-driven applications. Allocating
more resources to a job accelerates its completion, but with dimin-
ishing returns. Prior work (heSRPT) has solved this problem for
certain speedup functions with an exponential form, providing a
closed-form solution. However, the general case with arbitrary con-
cave speedup functions—which more accurately capture real-world
workloads—has remained open.

In this paper, we solve this open problem by developing opti-
mal scheduling algorithms for parallel jobs under general concave
speedup functions. We first discover a fundamental and broadly-
applicable rule for optimal parallel scheduling, namely the Consis-
tent Derivative Ratio (CDR) Rule, which states that the ratio of the
derivatives of the speedup functions across active jobs remains con-
stant over time. To efficiently compute the optimal allocations that
satisfy the CDR Rule, we propose the General Water-Filling (GWF)
method, a more general version of classical water-filling in wireless
communications. Combining these insights, we design the SmartFill
Algorithm to solve the general scheduling problem. Unlike heSRPT,
which always allocates resources to all active jobs, SmartFill se-
lectively determines which jobs should receive resources and how
much they should be allocated. For a broad class of so-called regular
speedup functions, SmartFill yields closed-form optimal solutions,
while for non-regular functions it efficiently computes the optimum
numerically. Simulation results show that SmartFill can outperform
heSRPT across a wide range of concave speedup functions.
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1 INTRODUCTION

Parallel computing has become indispensable in modern comput-
ing systems [1]. At the cloud scale, data centers such as Microsoft
Azure [2], Amazon Web Services (AWS) [3], and Google Cloud [4]
operate with tens of thousands of GPUs per site. Even at the edge,
powerful devices such as the NVIDIA A100 GPU provide up to 6,912
CUDA cores that can run in parallel [5]. Modern Al workloads are
explicitly designed to exploit this massive parallelism. For exam-
ple, training deep neural networks such as Transformers [6] and
large language models [7] leverages parallel GPUs to significantly
accelerate training [8, 9], while GPU-based inference of Al models
reduces latency in many applications [10, 11].

When multiple jobs compete for parallel-computing resources,
scheduling becomes a critical task [12]. A common objective is to
minimize job completion times or related performance metrics [13].
The efficiency of any scheduling policy depends heavily on the
speedup function, which describes how a job’s processing speed
increases as more parallel resources are allocated. If the speedup
function is linear, the classic SRPT algorithm [14] is optimal. In prac-
tice, however, speedup functions are typically concave, reflecting
diminishing returns as additional resources are assigned [15, 16].
This makes the scheduling problem substantially more challenging.

Berg et al. [17] studied this problem under a special family of
speedup functions s(8) = 6 for 0 < p < 1. They derived elegant
theoretical results and a closed-form optimal scheduling policy in
this setting. Although this family of speedup functions reflects some
empirical measurements of real-world applications (see Fig. 2 in
[17]), it does not capture the general behavior of concave functions,
which limits the broader applicability of the results. The existing
literature [16] identified the problem of scheduling under general
concave speedup functions as “an entirely open problem.” More
recently, Ghanbarian et al. [15] studied a scheduling problem with
general concave speedup functions under a different system model
(e.g., assuming Poisson job arrivals and blocking jobs when no
resource is available), and provided an asymptotically optimal solu-
tion in that setting. However, due to differences in system models,
their asymptotically optimal solution is essentially a probabilistic
greedy scheme, and it does not solve the open problem identified
in [16].

In this paper, we solve this open problem by developing optimal
scheduling algorithms for parallel jobs with general concave speedup
functions. Our system model and objective are identical to those
in [17], except that we allow arbitrary concave speedup functions
instead of restricting to s(0) = 6P. This generalization substan-
tially broadens applicability to diverse workloads and computing
platforms.

We make two key theoretical contributions. First, we establish
the Consistent Derivative Ratio (CDR) Rule, which states that under
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any optimal policy, the ratio of the derivatives of the speedup func-
tions across active jobs remains constant over time. This property
dramatically reduces the search space, since any optimal schedule
must satisfy it. We prove the CDR Rule by contradiction: if the deriv-
ative ratio were not constant, a small resource reallocation between
two jobs would strictly reduce the objective function, violating
optimality.

Second, we propose the General Water-Filling (GWF) algorithm,
which efficiently computes allocations that satisfy the CDR Rule.
GWF generalizes the classical water-filling algorithm in wireless
communications [18]: while the classical setting assumes identical
channel widths, GWF accommodates “bottles” of different widths
and shapes. The bottles are defined based on so-called auxiliary
functions, and we provide a method for constructing them. For
a broad family of regular speedup functions, including s(6) = 67,
GWF produces closed-form optimal solutions. For non-regular con-
cave functions, it produces efficient numerical optimal solutions.
In contrast to existing generalizations of the water-filling algo-
rithm [19, 20], which focus on static optimization settings, our
proposed GWF is tailored to a dynamic resource allocation problem
and introduces new algorithmic designs and insights, including
the auxiliary function g(h) and the notion of regular” speedup
functions.

Building on these results, we design the SmartFill algorithm,
which integrates the CDR Rule and GWF into a complete solu-
tion. SmartFill can solve the parallel scheduling problem optimally
under general concave speedup functions. Unlike heSRPT, which
allocates some resource to every active job, SmartFill intelligently
determines which jobs should receive resources and how much
should be allocated. Through numerical evaluation, we show that
SmartFill consistently outperforms heSRPT across various concave
speedup functions.

Finally, we discuss the broader applicability of the results in
this paper. The CDR Rule is in fact a very general principle in
parallel scheduling. It continues to hold under more general settings,
including scenarios with heterogeneous speedup functions across
jobs and time-varying total system resources, thereby significantly
reducing the search space of possible schedules. However, the GWF
and SmartFill algorithms do not directly extend to these settings.
We identify this as an important open problem for future research.

2 SYSTEM MODEL AND PROBLEM
STATEMENT

We consider the exact same system model as in [17], with the only
difference being the assumption on the speedup function. Specifi-
cally, we assume the speedup function is a general concave function,
rather than an exponential one. While some notations used here
differ slightly from those in [17], they are mathematically equiva-
lent.

We consider a system with M parallelizable jobs, each available at
time ¢ = 0. Let x; denote the size of job i fori = 1,2, ..., M. Without
loss of generality, we assume that job sizes follow a non-increasing
order:

X1 2 Xp 2 2 XM.

The system includes a divisible server that allocates computa-
tion resource among the jobs at any time ¢ > 0. Let B denote the
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total resource of the server, and let 0;(¢) denote the amount of
resource allocated to job i at time ¢. The allocations must satisfy
the constraint:

M
Zﬁi(t) <B, Vt>o0. )
i=1

We assume that 6;(t) is right-continuous w.r.t. t. This assumption
rules out discontinuities at isolated points!.

We assume all jobs follow the same speedup function s(6) de-
fined in 0 € [0, B], which denotes the service rate for a job when
allocated with resource 6. Let s”(0) denote the derivative of s(6).
We assume that the speedup function satisfies:

e s(0) =0,
s(0) is strictly increasing w.r.t. 6,
s(0) is continuous and differentiable w.r.t. 0,
s(0) is strictly concave w.r.t. 0,
s’(0) is continuous w.r.t. 6.

Since s(0) is strictly increasing and strictly concave, we have s’ (6) >
0 and s’(0) is strictly decreasing for 6 € [0, B].

Note that in [17], the authors considered a special family of
speedup functions, s(0) = 07, for 0 < p < 1. While this family is
simple to analyze, it fails to capture the behavior of most concave
functions. A key limitation is that these functions all satisfy s’ (0) =
0. This property is unrealistic in many real-world applications,
where allocating a small amount of resource to a job provides only
limited benefit rather than an infinite one. Moreover, this property
fundamentally alters the structure of the optimal scheduler, as we
will further discuss in Section 4.

Let Q;(t1, t;) denote the amount completed service for job i be-
tween time period [#1, t;]. We have

7]
Qi(tla tz) = / s(@i(t)) dt, fori= 1, 2, e ,M and th < tz.

t

@)
Let T; denote the completion time of job i. For each job i =
1,2,--+,M, we have:
0;(t) =0, fort>T;. (3)
and
Qi(0,T;) =x;, fori=1,2,---,M. (4)

Let J denote the system performance metric, which is a weighted
sum of job completion times:

M
J=) wi. (5)
i=1

Here w; is the weight for job i. Following the setting in [17], we
assume that the weights follow a non-decreasing order:

wy S wy < - S wyyp.

This ordering implies that shorter jobs are given higher priority
through larger weights. The choice of w; depends on the perfor-
mance metric of interest. For example, when w; = wy = -+ =
wym = 1, ] corresponds to the mean flow completion time [13].
Alternatively, when w; = xil J represents the mean slowdown of
the system [21].

! Alternatively, assuming left-continuity yields the same theoretical results throughout
the paper.



Technical Report: Optimal Parallel Scheduling under Concave Speedup Functions

07 () - 1) + 8 0/(t) = 8

L O 1a, A= 507 (£))5
B,=5'(6; (t1))8

0t ()~

) 6(t2) +02

- -
5 5
- -
5 5
[ty b + 6] [t2,t2 + 6] [ty by + 6] [tz t2 + 5]

Figure 1: Idea of the proof of Theorem 1.

The objective of this paper is to find the optimal allocation 6;(t)
for each job i and time ¢, so as to minimize J, given B, x;, s(6), and
w;’s. Formally, we aim to solve the following optimization problem:

M
OPT: min J= ) wT;,
i(1) z‘ o

subject to  Constraints (1), (2), (3), (4).

The remainder of this paper is devoted to solving OPT. In Sec-
tion 3, we present our first key result: a structural property of the
optimal scheduling policy, the Consistent Derivative Ratio (CDR)
Rule, which significantly reduces the search space of OPT. Section 4
introduces our second key result: the General Water-Filling (GWF)
algorithm, which efficiently computes allocations based on the CDR
Rule. Finally, in Section 5, we combine these key results to develop
the SmartFill algorithm, which provides a complete solution to OPT.

3 CONSISTENT DERIVATIVE RATIO RULE

In this section, we present the main result of this paper—the Con-
stant Derivative Ratio (CDR) Rule.

Let 07 (t) denote an optimal scheduling policy to OPT. The fol-
lowing theorem establishes that, under the optimal solution, the
ratio of the derivatives of the speedup functions between any two
jobs remains constant over time, as long as both jobs have a positive
service rate.

THEOREM 1. (CDR Rule): For any pair of jobs i and j, there exists
a constant c; j such that

1)
s(@ @)

for all t such that 0;(t) > 0 and Qj(t) > 0.

(6)

Proor. We prove Theorem 1 by contradiction.
Assume the theorem is false. Then, there exist two time instances
t; and t, such that

s'(6; (1)) _ s'(6; (22))
SO0 $O)
with 0] (1) > 0, 07(t1) > 0, 6; (t2) > 0, and 0;(t2) > 0.
Define h;; = s’(G;‘(tl))s’(Q;f(tz)) - s’(@f(tz))s/(e;f(tl)). By the
assumption, we have h; ; > 0.
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The idea of the proof is shown in Fig. 1. We will construct a new
scheduling solution 67°% (¢) and 67°% (¢) that decreases the objective
value, while keeping all other scheduling decisions unchanged.

We construct 87°V(t) and Oj.lew(t) as follows. In the interval
[t1,t; + 8], we increase the service rate for i by a small amount
Ay = 5'(0; (t2))6 and decrease the service rate for j by the same
amount:

0 (1) = 0;(1) + Ar, 67 (1) = 05(1) - A,
Let Q*(+) and Q™" (-) denote the amount of service under the

original and modified schedules, respectively. Consider the amount
of service for job i in time interval [#;, t; + §]. We have

for t € [t,t; + 6].

tH+6
O™ (11,1, +8) — Q! (1 1y + 6) = / (s(02°% (1)) — s(62 () dt

5]

1+
:/ (s(OF (2) + Ay) — s(6; (1)))dt

t

146
_ / (5'(0; (1) A; +0(A2))dt

5]
=5"(0; (1)) A16 +0(8°) = 5" (6] (11))s (6] (2))8? + 0(&?)
Then we have:
Qi (t1, 1y +8) = Q; (11,11 + 8) + 5" (67 (1)) (6 (£2)) 5% + 0(8%).
For job j in time interval [#;, t; + 8], similarly, we have
QI (1, 1y +8) = Qj (11,11 + ) = 5" (07 (1)) (6 (£2)) 5% + 0(8%).
In the interval [, t; + 8], we decrease the service rate for job i

by A, = s’(0;(t1))d and increase the service rate for job j by the
same amount:

O7(8) =0, (1) — Ao, 077 (1) = 07(2) + Ay,
Then for job i in time interval [, t; + ], we have

QY (12, 1z + 8) = Q] (ta, 1 + 8) = 5'(6; (), )5 (6; (1)) + 0(8%)
For job j in time interval [, t, + 8], we have

Qi (tata +6) = Qj(ta,t2 + ) + s’(G;f(tz))s/(ez‘(tl))(SZ +0(8%).

Combining both intervals, we have:

Qi (tty +6) + Q)W (ta, t2 + 8) — Qf (1, 11 + &) — Q; (f2, 12 + )

=o(&),

Q7 (t, 11 +6) + QfV (12, 12 + 0) = Qj(t1, 11 + 8) — Qi (t2, 12 + 6)

= h; ;8% + 0(8%).

for t € [ty, t2 + 5].

Therefore, the total service to job i changes by 0(8%), while the
service to job j increases by h; ;6% + 0(5°). Recall that h;; > 0.
This implies that the completion time T; changes by 0(5°%), and
T; decreases by a factor on the order of &%. That is, for a small &,
the new scheduling policy 7% (¢), H?EW(t) yields a strictly smaller
objective value than the optimal (0 (¢), Gj(t)), contradicting to the
assumption of optimality. This completes the proof. O

The CDR Rule reveals a fundamental structural property of the
optimal scheduling solution: the marginal benefit of allocating addi-
tional resource, measured by the derivative of the speedup function,
must maintain a constant ratio across any pair of active jobs over
time. This condition ensures that no further local reallocation of
resources between jobs can improve the system performance. The
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contradiction-based proof illustrates this by constructing a small
resource reallocation between two jobs at two distinct time inter-
vals. If the derivative ratio were not constant, such a reallocation
would strictly reduce the objective function, violating optimality.
For the problem studied in [17], where the speedup function
is s(6) = 02 (0 < p < 1), the authors established a “scale-free”
property (Theorem 3 in [17]). That is, the ratio of service rates,

07 (1) . . . .
7O between any two active jobs i and j remains constant over
J

time t. This property can be viewed as a special case of the CDR
Rule: for speedup functions s(8) = 6, a constant ratio of Z;—(tt; is
$0;0) ’
s'(03())

Note that in Theorem 1, the value of ¢; j is determined by any
time instance ¢ such that 6; () > 0 and 9;(t) > 0. If there does not
exist any ¢ such that 67 (¢) > 0 and 67(¢) > 0, the value of ¢; ; can
be set arbitrarily.

We now extend the analysis of Theorem 1 to the case where one
job is allocated zero resource. Let T;" denote the completion time
of job i under the optimal schedule 6; (t). For any pair of jobs i
and j, the condition ¢ < min{T}, TJ*} ensures that both jobs remain
incomplete under the optimal scheduler at time ¢. The following the-

orem establishes the structural property for time instances where
07 (t) > 0 and Hj(t) =0.

equivalent to a constant ratio of

THEOREM 2. For any pair of jobs i, j and two time instances ty, t;
with max{t,, t,} < min{T}, T,}, if 07 (t;) > 0, ej(tl) >0, 0] (t;) >
0, 9;5(2‘2) =0, then we have

G0 SO w)
ME SO S s

where c; j is the constant given by Theorem 1.

™)

Proor. We prove Theorem 2 by contradiction. Assume the the-

orem is false. Then we have

(07 (1) _ s"(0; (1))

SO0 50 m)
Following the same approach in the proof of Theorem 1, in the
interval [, t; + &], we increase the service rate for job i by a small
amount A; = s"(0; (t2))d and decrease the service rate for job j by
the same amount; in the interval [t,, t, + §], we decrease the service
rate for job i by Ay = s’(8; (t;))d and increase the service rate for
job j by the same amount. We can construct a new scheduling
solution 07V (t) and 9}‘5‘”(1‘) that decreases the objective value,
which leads to a contradiction. O

Theorem 2 states that for any time t with ¢ < min{Ti*, TJ*} if
(6%

07 (t) > 0 and 9;?(1‘) = 0, then % > c¢;j. This result can
be interpreted as follows. The CDR Rule (Theorem 1) requires the
derivative ratio E,EZ;;% to equal ¢; ; whenever both 0} (¢) and Gj(t)
are positive. Since s”(6) > 0 and s’(6) is decreasing with 6, consider
a time ¢ such that 5" (6; (t)) > ¢; js"(0). To satisfy the CDR Rule, we
would need s’(@}f(t)) = w > s’(0). However, because s’ (0)
decreases with 6, this would imply Oj(t) < 0, which is impossible.
Thus, the non-negativity constraint enforces 9; (t) =0, which leads

to the condition in Theorem 2.
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Note that in [17], where s(0) = 6P with 0 < p < 1, we always
have 0;(t) > 0 for any ¢t < T;. This occurs because s'(0) = oo,
implying that the benefit of allocating a small amount of resource to
any unfinished job with zero scheduling rate is infinite. As a result,
under the optimal scheduling, every job must receive a positive
allocation until its completion. In contrast, in the general case
considered in this paper, where s’ (0) < oo, it is possible (and in fact
quite common) for some unfinished jobs to have zero scheduling
rate. This behavior is precisely the case characterized in Theorem 2.
We will revisit this phenomenon in the following sections.

Theorems 1 and 2 leads to the following corollary.

COROLLARY 2.1. There exists M constants c1, ¢, - - - , cp such that
(05 (t ;
/( ,*( ) _a ®
SO ¢
for all t such that 0} (t) > 0 and 9}7(1‘) > 0.

Proor. We prove Corollary 2.1 by induction. We assume the
optimal job completion time has an order T} > T; > --- > TI*VZ. By
definition in Theorem 1, it is easy to prove that for any i and j, we
have ¢;; = # So by proving ¢; j = g—; we will automatically have

i
cj,i = 2—11

For jobs 1 and 2, by Theorem 1 there exists c; ;. We can arbitrarily
set ¢ and set ¢z = cp1¢1.

For jobs 1,2,--- ,k (k > 2), suppose we can find ¢y, ¢z, -+ , Ck
suchthatc;; = ﬁ—}’ fori < j < k. Then consider job k+1.If there does
not exist a job i < k and a time t making 6; (¢) > 0 and 0], (¢) > 0,
we can arbitrarily set ciq. If there exists a job i < k and a time ¢

making 0; (¢) > 0and 0;, (t) > 0, we set x4 = c_j:ﬂ . All we need
1,

to prove is that for all j # i, we have cx1 = cjq,jcj. We discuss
the two cases. At time ¢, if Hj(t) > 0, then since z:zz;% = z—j’ and
% = c’zlfl , we have = cryqj = % = C’é;f‘ , indicating
that cxr1 = gy jcj. If 9}5(1?) = 0, then by Theorem 2, we have
f—; < S,(ﬁ# < 1. Then for any v < T, (by the order of job

completion, at time 7 jobs i, j, k + 1 are not completed) such that

0;(z) > 0and 6, () > 0, since 5—]’ < 1, we have 0;(r) > 0.

S/(9;<T)) e s’(@i (7)) _ .. .
So we have O = o d W = =2 indicating that
Ck+1 = Ck+1,j¢j. This completes our proof. O

Compared with Theorem 1, Corollary 2.1 further reduces the
M(M-1)
2

space of ¢’s. We only need M constants c¢;’s instead of
constants c; ;’s.

In summary, in this section we identify the key “consistent deriv-
ative ratio” property associated with the optimal solution to OPT.
These results significantly reduce the search space: to find the op-
timal solution, it is sufficient to consider only the schedulers that
satisfy these properties.

The next question is how to construct schedulers that satisfy this
property. We address this by studying the problem of determining
the allocations under fixed derivative ratios in the next section.
After that, we will present our complete solution to OPT.

2This assumption is always true for OPT (see Proposition 5) and we use it to simplify
notations. Without this assumption, the proof of Corollary 2.1 still holds after we
re-order the jobs by their completion times.
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4 GENERAL WATER-FILLING ALGORITHM

In this section, we study the problem of determining the resource
allocation at a given time instance under fixed derivative ratios. The
solution to this problem will serve as a fundamental component in
our overall algorithm for solving OPT.

4.1 Constrained Allocation Problem Statement

We refer to this problem as the Constrained Allocation Problem
(CAP). Given a speedup function s(6), a total allocation budget
0 < b < B, an integer k > 2, and k constants¢; > ¢z > -+ > cx > 0,
CAP is defined as follows:

CAP: FiIld 91, 92, ety 9k (9)
subjectto 0y + 0, +---+ 6 =b, (9a)
0, <0< <0, (9b)
s"(0;) ¢

==, ifi<jand@; >6; >0, 9c
76y o Tl 0o

s'(0) ¢ .. .
s,(of) > c_J, ifi<jand6; > 6; =0. (9d)
Here, constraint (9a) enforces that the sum of allocations 6y, 65, . .

equals b; constraint (9b) requires the allocations to be ordered; and

constraints (9¢) and (9d) restrict the ratios of the derivatives by ¢;’s.

4.2 Algorithm to Solve CAP

In this subsection, we present our algorithm to solve CAP.
Let s’ (1) denote the inverse function of s’ (). The domain

of s""D(y) is y € [5'(b),5'(0)] (i s'(0) = oo, then y € [s'(), ).

Since s’ (6) is continuous and strictly decreasing w.r.t. 6, s’ (y)
is also continuous and strictly decreasing w.r.t. y. Besides, we have
s’V (y) > 0.

We define an auxiliary function, denoted by g(h), to help solve
CAP. Let [Amin, Amax] denote the domain of g(h) The function g(h)
and [hmin, hmax] must satisfy the following conditions:

g(h) is continuous and strictly decreasing w.r.t. h. (10a)
9(hmax) < : (b) (10b)
C1
’ ’ s’ (O)
If s (0) = oo, then g(hmin) = 0. If s"(0) < oo, then g(hmin) = _—
k
(10c)

For each CAP problem, we need to select an auxiliary function
g(h) and an interval [hmin, hmax] such that conditions (10a), (10b),
and (10c) are satisfied. Examples of auxiliary functions that work for
all CAP problems include: g(h) = —h with hyin = —00, hyax = 005
and g(h) = % with Apin = 0, hmax = 0. In fact, there exists a broad
class of feasible auxiliary functions, and different choices can be
made depending on the specific CAP instance. We will discuss the
selection of g(h) and [Amin, Amax| in the following subsections.

Given g(h), for each i = 1,2, - - , k, we define the function 6;(h)
as:

0 if cig(h) > 5'(0),
6:(h) = 35"V (cig(h)) if s'(b) < cig(h) < s'(0),  (11)
b if c;g(h) < s'(b).

. Ok
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It can be shown that for each i = 1,2,..., k, 0;(h) is continuous and
increasing in A € [Amin, hmax]. We refer to 0;(h) as the water-filling
function for job i, since it can be interpreted as the “water volume
in bottle i when the water level is h” This analogy will be further
discussed in Section 4.4.

Let B(h) denote the sum of 0;(h)’s across all jobs:

B(h) = 01(h) + 02(h) + - - - + Ok (h). (12)

In the water-filling analogy of Section 4.4, S(h) represents the “total
water volume across all bottles when the water level is h.”

We consider the following problem, which is referred as Water-
Filling Problem (WFP).

WFP:  Find h
subjectto  f(h) = b.

(13)
(13a)

The following proposition states the existence of a solution to
WEP.

ProrosITION 1. WEFP has a unique solution.

Proor. It can be shown that f(h) is continuous and increasing.
Since f(hmin) =0 < b and f(hmax) = kb > b, there exists a unique
h making f(h) = b. This completes our proof. m]

The following proposition states the a solution of WEFP is also a
solution to CAP.

PROPOSITION 2. If h is a solution to WFP, then 6; = 0;(h) for
i=1,2---,k is a solution to CAP.

ProOOF. We need to verify this solution 6; = 0;(h) satisfies all
the constraints in CAP.

By (13a), we have 6; + 0; + - - - + O = b. So the solution satisfies
(9a).

It can be shown that g(h) > 0 (otherwise 6;(h) = b for all i’s and
(13a) cannot be satisfied).

For any i < j, we have c;g(h) > c;g(h). By definition in (11), we
have 0;(h) < 0;(h). So the solution satisfies (9b).

Consider any i < j and 6;(h) > 0. We have 0 < 6;(h) < 6;(h) <
b. And we have 0;(h) = s'(-1) (cig(h)) and 6;(h) = s/(=1 (cjg(h)).
And we have Z/,ng ; = ?1 Z((:; = 2—’1 So the solution satisfies (9c¢).

Consider any i < j, 6;(h) =0, and 8;(h) > 0. We have c;g(h) >

s'(0) and 0;(h) = s'(—l)(cjg(h)). And we have S — —Cgi(()};) >
cjigth) _

s"(0;)
cig(h) —

E—Jl So the solution satisfies (9d). This completes our proof.
]

The following proposition states the number of solutions to CAP.

ProrosITION 3. CAP has at most one solution.

Proor. We prove Proposition 3 by contradiction. Suppose CAP
has two different solutions 64, 65, - - - , 0 and él, ég, cee ,ék. Since
O01+0,+---+0; = él +é2+- - -+ék = b, without loss of generality, we
can find i < j making 6; < 6; < 0; < 9] Based on constraints (9¢)
and (9d), we have
- s,w"). (14)

s’ (6;)

S/(éj) > Cj

s’ (9,) Ci
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Algorithm 1 General Water-Filling (GWF) Algorithm to Solve CAP

Input: s(0), b, k, and ¢y, 2, - - , Ck-
Output: The solution to CAP: 67,65, -, Gz.
1: Select an auxiliary function g(h) that satisfies (10a), (10b), and
(10c).
2: Solve WFP and get its solution h*.
3. Compute 0} = 0;(h*) based on (11) fori = 1,2,--- , k.

On the other hand, since s"(0) is strictly decreasing and positive,
we have 0 < s’(0;) < s’(0;) and 0 < s"(6;) < s'(6;). So we have
S0 _5'(0)
s(0) 80
We can see (14) and (15) leads to a contradiction. This completes
our proof. O

(15)

Combining Propositions 1, 2, and 3, we have the following theo-
rem.

THEOREM 3. CAP has a unique solution, which is the solution of
WEP.

Based on Theorem 3, we propose the General Water Filling (GWF)
algorithm to solve CAP, as shown in Algorithm 1.

Note that in Step 1 of Algorithm 1, we can select g(h) from a
large class of feasible auxiliary functions. However, a good selection
of g(h) can make WFP much easier to solve, i.e., make Step 2 of
Algorithm 1 easier. We will use an example to show this point in
the next subsection.

4.3 An Example for Selecting g(h)

Consider a speedup function: s(0) = a(0 + z)? — az?, where a > 0,
z > 0,and 0 < p < 1 are constants. Note that when z = 0, the
speedup function s(0) = a6? is the one considered in [17]. We will
use this speedup function as an example to show how to select g(h)
to make WFP easier to solve.

For this speedup function, we have s’(0) = ap(6 + z)?~! and

s’V (y) = (a—}"ﬂ)fﬁ — z. Consider (11). When s’ (b) < cig(h) <
s’(0), foreachi =1,2,--- ,k we have

0:(h) = ' (cig(h) = (%)ﬁ - (16)

If we select g(h) = aph?~! and hpiy = 0, hypay = 0, then (16)

becomes:
1

1 1
9,(]’1) = Cip_l h-—z= Cip_1 (h - ZCl-l_p ),

and foreachi =1,2,---, k we have
_1
0 if h < zcilfp,
1 1 1 1
Oi(h) =P (h—2¢]7) ifze]” <h< (z+ bye,”, (17
b ifh> (z+b)c”.

We can see the selection of g(h) = aph?~! will give us a piece-
wise linear 6;(h) for all i’s, making WFP easy to solve. This means
g(h) = aph?~! is a good selection.
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0;(h) = w;(h — h)*

1
)
h; = zc;

Bottle 1

Bottle2  Bottle 3 Bottle 4

Figure 2: An illustration for GWF Algorithm when s(0) =
a(0+z)! —azP and k = 4.

On the other hand, if we select g(h) = ap log(1+ %) and hpyi, =0,

hmax = o0, then (16) becomes: and for each i = 1,2, - - , k we have
0 if c;g(h) > s'(0),

0:(h) =1 (cilog(1+ 1)) 7T =z if s'(b) < cig(h) < 5'(0), (18)
b if cig(h) < s’ (b).

This is non-linear and makes WFP not easy to solve. This means
g(h) =aplog(1+ 1) is not a good selection.

4.4 Water-Filling Illustration

Water-filling algorithm is a classic algorithm for solving the power
allocation problem in multi-channel communication systems. As
illustrated in Fig. 5.11 in [18], the algorithm can be visualized as
pouring “water” (i.e., power) into parallel subcarriers such that
the water level across all subcarriers containing water is equal-
ized. Each subcarrier has the same “width” but a different “bottom
height” determined by its channel quality. The water-filling algo-
rithm is proven to be optimal for power allocation in multi-channel
communication. Further details can be found in Chapter 5.3.3 of
[18].

We observe that in our GWF algorithm for solving SAP, the
allocation result can be naturally interpreted through the water-
filling analogy. Fig. 2 illustrates the GWF algorithm when s(0) =
a(0+2z)? —azP and k = 4. In this case, we construct k = 4 “rectangle”
bottles, each with its own “width” and “bottom height””

Let u; and h; denote the width and bottom height of bottle i,

respectively, and let 6;(h) denote the volume of water in bottle i
1 1

when the water level is h. We set u; = cip_1 and h; = zcil_‘{7 .

Define (x)* = max(0, x). From (17), we have 0;(h) = u;(h—h;)"*
whenever 6;(h) < b. Thus, solving WFP reduces to finding the
water level h in Fig. 2 such that the total water volume across all
bottles equals b.

This is directly analogous to the classical water-filling algorithm
in multi-channel communication with one important generalization:
in GWF (Fig. 2), the bottle widths differ across jobs, whereas in the
classical water-filling algorithm, all channel widths are identical.
Note that when z = 0, all bottles have the same bottom heights,
which indicates for any b > 0, 0; > 0 for all i’s.

A more general illustration for GWF is shown in Fig. 3, where the
bottles are not rectangle-shape. Here we define 6;(h) = (p;(h))*,
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0:(h) = (pi ()"

pi(h) = 5"V (cig(h))
s"(0)
T

7

hi=g7'(——)

2

Bottle 1 Bottle2  Bottle3 Bottle 4

Figure 3: An illustration for GWF Algorithm for non-
rectangle bottles.

Table 1: Some examples of regular speedup functions

Regular Speedup Function
s(0) =a(0+z)? —azP,0 € [0,B], wherea >0,z > 0,and 0 < p <1
s(0) =aln(pb +1),0 € [0,B], wherea > 0and p > 0
s(0) =azP —a(0+z)P,0 € [0,B], wherea >0,z > 0,and p < 0
s(0) =azP —a(z - 0)P,0 € [0,B], wherea > 0,z > B,and p > 1

where p;(h) = s'"U (c;g(h)). Let g~'(-) denote the inverse function
of g(h). And we define h; = g~* (S,C(—lo)) We can see 0;(h) in (11) can
be illustrated as filling water in bottles, as shown in Fig. 3. When
s’(0) = oo, we have hy = hy = - - - = hy, indicating that all bottles
have the same bottom height.

We note that variants of the water-filling algorithm have been
widely developed in the literature to address static optimization
problems. For example, [19] extends water-filling to handle weighted-
sum-rate, weighted-sum-power, and peak-power optimization in
multi-channel communication systems. Similarly, [20] proposes a
generalized water-filling approach for solving concave maximiza-
tion problems under power constraints. In contrast to these works,
which focus on static settings, our proposed GWF is tailored to a
dynamic resource allocation problem. Moreover, our algorithmic
framework—particularly the introduction of the auxiliary function
g(h) and the notion of “regular” speedup functions—is fundamen-
tally new and proves to be highly effective.

4.5 Solving WFP

In this subsection, we discuss how to solve WFP, i.e., how to run
Step 2 in Algorithm 1.

4.5.1 Closed-Form Solution. In the ideal case, we can get a closed-
form solution to WFP. In this paper we identify a class of speedup
functions s(6), which we call regular functions. Under regular s(0),
we can get a closed-form solution to WFP, and thus get a closed-
form solution to CAP by Algorithm 1.

Definition 4. A speedup function s(0) is regular if there exists
a # 0,y # 0and z € R such that s'(6) = a(0 +z)¥ for all § € [0, B].

Some examples of regular speedup functions are given in Table
1. Readers can verify each row in Table 1 satisfies Definition 4. We
can see the speedup function s(8) = af? (0 < p < 1) considered in
[17] is regular.
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For regular s(0) such that s’ (8) = «(6 + z)", we have a closed-
form expression for s/ (v):

1
S =)y -z
We can select g(h) = (ah)?.Based on 11, we have 6;(h) = u;(h—h;)*
1 1

whenever 6;(h) < b, where u; = ciy and h; = zci_’_/. In the water-
filling illustration, the bottles are rectangles. And the problem WFP
is:

WEFP under regular s(6): Find h

k
subject to  B(h) = Z ui(h - hi)* =b.
i=1
Notice that f(h) is a piecewise linear function. WFP under regular
s(0) can be solved easily. We omit the details here.

For general non-regular s(6), whether we can select a good g(h)
to get an closed-form expression of the solution to WFP is unclear
to us. We believe for functions like s(6) = 0% + In(1 + 0), it is hard
to write down a closed-form expression for s'(-) (), and thus it is
very difficult to get an closed-form solution to WFP.

4.5.2  Numerical Methods. For non-regular speedup functions that
we don’t have closed-form solutions, we can always use numerical
methods to get a numerical solution. For example, we can arbitrarily
select a feasible g(h) (e.g., select g(h) = —h with Apin = —00, Amax =
o), and numerically compute f(h) by (12). When f(h) < b, we
increase h; when f(h) > b, we decrease h, until the gap between
B(h) and b is small enough. This can be done by methods like
bisection [22] to solve it.

5 SMARTFILL ALGORITHM

Based on the CDR Rule and the GWF algorithm, in this section we
present the SmartFill Algorithm, which is shown to be able to solve
OPT optimally.

5.1 Preliminary Results

Before presenting SmartFill, we introduce some preliminary results.

Let m*(t) denote the number of jobs in the system at time ¢
under the optimal scheduling policy. We begin with the following
proposition:

PROPOSITION 4. For any two time instances t; and t,, if m*(t;) =
m*(ty), then 07 (t;) = 07 (t2) foralli =1,2,--- , M.

Proposition 4 is adapted from Theorem 1 in [17]. The proof of
Proposition 4 is identical to the proof of Theorem 1 in [17].

Regarding the job completion order, we have the following propo-
sition:

PROPOSITION 5. The optimal policy completes jobs in Shortest-Job-
First (SJF) order- M,M — 1, --- , 1.

The proof of Proposition 5 is identical to the proof of Theorem 2
in [17]. Let T;" denote the completion time for jobi (i = 1,2, -+, M)
under the optimal policy. By Proposition 5, we have

T'>T > >Ty (20)
Based on Propositions 4 and 5, let 9{ denote the constant schedul-

ing rate allocated to job i during the time interval [T}, ;, T;), where
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.
we define Ty, “

matrix © = [9{ ] as

= 0 for convenience. We then define the scheduling

92 92 92
©=]. . . - (21)

Clearly, finding the optimal scheduling policy is equivalent to de-
termining the optimal matrix ©.

The resource constraint in (1) translates into the following con-
dition on the scheduling matrix:

M .

Zeng, Vi=1,2--,M. (22)

i=1
In (22), we use equality rather than inequality because, under the
optimal policy, the total available resource should be fully utilized
at all times. .

Since the optimal scheduler follows the SJF order, we have 0{ =0

for all i > j. In other words, the scheduling matrix © is upper
triangular:

9} gf oo 9{\/1
0o 0 ... oM

0= . (23)
0 0 - oM

5.2 Main Algorithm

The idea of SmartFill is to iteratively compute the optimal schedul-
ing results from the last completed job (job 1) to the first completed
job (job M). After each iteration k, we record the ¢;’s (1 < i < k)
for the CDR rule, and use them to compute the optimal scheduling
results for iteration k + 1.

Foreach b < Band 1 < i < k, we define the CAP function

CAP;(b,c1,¢2,- -, ck) (29)

as the optimal solution 8; for the CAP problem. The value of CAP
function can be computed by the GWF algorithm (Algorithm 1).

The following propositions states that the optimal objective is a
linear combination of x;’s.

PROPOSITION 6. Under fixed w;’s, s(0), and B, for different x;’s
such that x; > x; > --- > xp, the optimal objective value can be

expressed as
M

]* = Z a;Xi, (25)
i=1
where the coefficients satisfy a; < az < ---
independent of the specific values of x;.

< apy, and a;’s are

A Proof Sketch We prove Proposition 6 by induction. On one
hand, it is apparent that Proposition 6 holds for M = 1.

On the other hand, assume Proposition 6 holds for M = k (k > 1).
Then consider the case M = k + 1. Consider the time instance Ty
when job M completes. After Ty, the optimal weighted sum of
completion times can be written as J' = Z{F:l a;x], where x| is the
remaining size for job i at t = Tjs. And the parameters cy, ¢z, - , ¢k
can be determined. Then for time interval [0, Tys], when the service
rate for job M =k + 1 is 9% = p, the service rate for job i (i < k) is

Chengzhang Li, Peizhong Ju¥, Atilla Eryilmaz®, Ness B. Shroff'

Algorithm 2 SmartFill Algorithm to Solve OPT

Input: s(0), B, M, x;’s, and w;’s.

Output: The optimal solution © = [9{ ] to OPT.
1: Set¢/ =0 foralli > j.
2 Set 0l =B, c; =1,and a; = srl_é)'
3: fork=12---,M—1do
4. Compute 0’,::% by (26).
5. Compute 95‘“ fori=1,2,---,k by (27).
6:  Compute cx4q and ag4q by (28) and (29).
7: end for

HlM = CAP;(B—p,c1,¢2,- -+, ck). The optimal solution of y is given
by the following problem:

k+1 k
. Xk+1 Xk+1
argmin ( ) w;)- - a;s(CAP;(B—p, c1,¢2,7 - ,C)))- .
u ; Y s () (,Z::‘ l ' ' ) s(p)

It is easy to see that the value of ;i is independent from the value of

Xk+1- So J* is also linear with xt1. This completes the proof. |

A complete proof of Proposition 6 can be found in Appendix A.
Now we present the SmartFill Algorithm. For iteration k = 1, we

set 0l =B, c; = 1,and a; = sr’—é). After iteration k, we will have
c1,Cz, ¢+ ,cpand ay, ag, - - -, ak. For iteration k + 1, we compute 9’,::;
by
1 XM - 2K ais(CAPi(B - perea e cr)
0, = argmin .
1 s(p)
(26)
Then we compute 9!‘“ fori=1,2,---,kby
0., =CAP;(B— 0K ciico o cp). (27)
Then we compute ¢k and ag4q by:
Sl(9k+1)
k+1
Ck+1 = Ck» (28)
+ s/(ellzﬂ)
and
T wi - B ass(65)
Ak+1 = gk+1 . (29)
S( k+1)

The complete procedure of SmartFill is summarized in Algo-
rithm 2. Note that in Step 4, we need to solve the maximization
problem defined in (26). When s(x) is a regular speedup function,
the GWF algorithm ensures that CAP; (B — 1, ¢1, ¢z, . . ., Ck) is linear
in p for each i, allowing for a closed-form solution. When s(x) is
non-regular, this step can be performed numerically based on the
GWF procedure. Due to space constraints, the details of this step
are omitted.

The following theorem establishes the optimality of SmartFill.

THEOREM 5. SmartFill (Algorithm 2) provides an optimal solution
to OPT.

A complete proof of Theorem 5 can be found in Appendix B.

Recall that heSRPT is optimal for a special family of speedup
functions s(6) = 6P with 0 < p < 1[17]. For this family of functions,
SmartFill produces the same allocation as heSRPT, which will be
validated in the numerical results presented in the next section.
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Figure 4: Mean slowdownFigure 5: Mean slowdown
when s(0) = 6%, when s(0) = 106°8.

Unlike heSRPT, which allocates resources to all active jobs, Smart-
Fill intelligently determines which jobs should receive resources
and how much they should be allocated. This structural difference
arises from the behavior of s’ (0). When s’ (0) = oo, as in the case of
s(0) = 07, allocating even a small amount of resource to any unfin-
ished job yields infinite benefit, implying that all jobs must receive
positive allocation until completion. In contrast, in the general case
where s’ (0) < oo, it is possible for some unfinished jobs to have
zero scheduling rate. SmartFill identifies these jobs by solving the
optimization problem in (26).

6 NUMERICAL RESULTS

In this section we provide some numerical results for SmartFill. We
use heSRPT [17] as the performance benchmark.

6.1 Special Case: s(0) = a6?

We first consider the special case s(6) = a6”, where heSRPT is
optimal [17]. We consider M = 10, 20, - - - , 100 jobs. We consider
B = 10. For each M, we assume x; = M,x; =M —1,--- ,xp = 1.
We consider the mean slowdown at the objective J, i.e., w; = x%
Figs. 4 and 5 shows the mean slowdown under different M’s when
s(0) = 6% and s(0) = 100°8, respectively. In all cases, SmartFill
achieves the same mean slowdown as heSRPT, thereby validating
that SmartFill is optimal in this setting.

6.2 General Concave s(0)

We next evaluate the performance of SmartFill under general con-
cave speedup functions. In [17], the authors suggested that when
s(0) # ab?, the heSRPT policy can still be applied by approximating
s(6) with a function of the form af?. We adopt this approximation-
based heSRPT as our performance benchmark.

As before, we consider systems with M = 10,20, ..., 100 jobs
and a total resource budget B = 10. For each M, the job sizes are
setas x; = M,x; =M —1,...,xy = 1. The performance metric is
again the mean slowdown, defined by the objective J with w; = xi

Fig. 6 shows the mean slowdowns of SmartFill and heSRPT
when s(0) = log(1 + 0). Here, heSRPT uses the approximation
s(0) = 0.790%*8, shown in Fig. 7. SmartFill consistently outper-
forms heSRPT, achieving a 13.6% lower slowdown at M = 100.

Fig. 8 shows results for s(0) = V4 + 62, where heSRPT employs
the approximation s(0) = 0.260°32, as shown in Fig. 9. Again, Smart-
Fill outperforms heSRPT. Because this approximation is tighter than

ACM MobiHoc "26, November 23-26, 2026, Tokyo, Japan

20 [—s(0)=log(1+6)

A |—s()=0.796"
[ SmartFill
15 -=-heSRPT

Obiective (J)
5

0 20 40 60 80 100 0
Number of jobs (M)

Figure 7: Approximation for
s(0) = log(1 + 0) used by heS-
RPT.

Figure 6: Mean slowdown
when s(0) = log(1 + 6).

|—s(0)=(4+0)°5-2|
15 —s(9)=0.266°%

[©-SmartFill
-&-heSRPT

@
8

(S
X

Obijective (J)
3

0 20 40 60 80 100 f
Number of jobs (M)

Figure 9: Approximation for
s(0) = V4 + 0 — 2 used by heS-
RPT.

Figure 8: Mean slowdown

when s(6) = V4 + 60— 2.

in the previous case, the performance gap is smaller: at M = 100,
SmartFill's slowdown is 6.3% lower than that of heSRPT.

Similar trends are observed across a variety of concave speedup
functions. SmartFill consistently outperforms heSRPT whenever
s(0) # 0P. The performance gap between SmartFill and heSRPT
increases when the speedup function is further from the form 6?.

7 DISCUSSION: TOWARDS MORE GENERAL
PROBLEMS

This paper focuses on the case where all jobs share the same
speedup function s(6), the system resource budget B is constant
over time, and the objective J is a weighted sum of job completion
times. We presented the CDR Rule and the GWF method, and the
SmartFill Algorithm to solve this problem. Beyond this specific
setting, however, we find that the CDR Rule is applicable to much
more general scenarios, including heterogeneous speedup func-
tions across jobs, time-varying resource budgets, and more general
system objectives J.

7.1 General Problem Definition

Consider a system with M parallelizable jobs, each available at time
t = 0. Let x; denote the size of job i fori = 1,2,..., M. Let B(t)
denote the total available resource at time ¢, and let 6;(¢) denote
the allocation to job i at time ¢. The allocations must satisfy

M
Z 0:(t) < B(t), Vt> 0. (30)
i=1

Each job i is associated with a time-varying speedup function
s;(0,t), which denotes its service rate at t when allocated resource
6. We assume that for each i and each fixed ¢, the function satisfies:
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e 5;(0,t) =0,
o 5;(0,1) is strictly increasing w.r.t. 0,
e s;(0,t) is differentiable w.r.t. 6.
o 5;(0,1) is strictly concave w.r.t. 6.
Let s/ (0,t) = %. We assume that s; (0, t) is continuous in 0,
and that B(t), s;(0,1), s; (0, t), and 0;(t) are right-continuous in t.
The amount of service received by job i in the interval [#;, t;] is

7]
Oilinty) = / S(0:(0.0) dt, Vi <1y, (31)

Let T; denote the completion time of job i. The system performance
metric J is assumed to be a continuous and strictly increasing
function of the completion times:
J=f(I T ..., Tu). 32)
The goal is to find the optimal allocation 6;(¢) for each job i and
time ¢ that minimizes J, given B(t), x;, s;(0,t), and f.

7.2 CDR Rule for the General Problem

Let 6%(t) denote an optimal scheduling policy for the general prob-
lem. We have the following result.

THEOREM 6. (CDR Rule for the General Problem) For any pair
of jobs i and j, there exists a constant c; j such that

54(6;0,)
T - Cids
sj(ej(t), t)

Sfor all t such that 6;(t) > 0 and 9}‘(1‘) > 0.

(33)

The proof follows directly from the same contradiction argument
used in Theorem 1. This result demonstrates that the CDR Rule is
a very general structural property for parallel scheduling and can
greatly reduce the search space of optimal schedules.

7.3 GWF and SmartFill for the General Problem

In contrast to the CDR Rule, the GWF and SmartFill algorithms
cannot be directly extended to the general problem, because they
rely on knowledge of the optimal job completion order. For the
baseline OPT problem, the order follows the Shortest Job First (SJF)
principle. However, in the general setting, the optimal order is not
known in advance. Consequently, the general scheduling problem
remains open. We believe there are substantial opportunities for
future research in extending the CDR Rule (and potentially GWF)
to develop new algorithms for more general parallel scheduling
scenarios.

8 CONCLUSION

In this paper, we solved the open problem of scheduling parallel
jobs under general concave speedup functions, a fundamental chal-
lenge in modern computing systems. We established the CDR Rule,
which characterizes the structure of any optimal schedule and dra-
matically reduces the search space. Building on this property, we
developed the GWF algorithm to compute allocations under fixed
derivative ratios, and combined these insights into the SmartFill
algorithm. Unlike heSRPT, which allocates resources to all active
jobs, SmartFill intelligently determines which jobs should receive
resources and how much to allocate. We showed that for a broad
class of regular speedup functions, SmartFill produces closed-form
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optimal solutions, while for non-regular concave functions it pro-
vides numerical solutions. Numerical evaluations confirmed that
SmartFill consistently outperforms heSRPT across various concave
speedup functions. Finally, we demonstrated that the CDR Rule
generalizes to settings with heterogeneous speedup functions, time-
varying resources, and broader system objectives, highlighting its
potential as a unifying principle in parallel scheduling.

A A PROOF OF PROPOSITION 6

We prove Proposition 6 by induction. On one hand, it is apparent
that Proposition 6 holds for M = 1.

On the other hand, assume Proposition 6 holds for M = k (k > 1).
Then consider the case M = k + 1. Consider the time instance Ty,
when job M completes. Since Proposition 6 holds for M = k, the
optimal objective after t = Ty, denoted by Jir,, ), can be written
as

k
JTap0) = Z aix;, (34)
i=1

where x| is the remaining size for job i at t = Ty;. By Corollary 2.1,
under the optimal scheduler, the parameters ¢y, ¢3, - - -, c exist, and
their values can determined based on the scheduling results after
t = Ty Then for time interval [0, Tyr], we want to find the optimal
service rate 9}‘\4” rate for job M = k + 1. When the service rate for
jobM =k +1is 9}\1\;[1 = p1, by Theorem 3, the service rate for job i
(i < k) is given by

OM = CAP;(B - i, c1 ¢z, Ck)- (35)
We also have
Ty = Xi+1 ) (36)
s(p)

The objective J in time interval [0, Ty], denoted by Jjo1,,], can be
written as

k+1 k+1 Xk
JoTy = ZWiTM = Z Wi (37)
i=1 i=1 s(w)
Foreachi=1,---,k, we have
Xk+1
! = x; —s(6M) . . 38
K =x =0 T (59)
The objective J is given by
k+1 Xk k Xk
T =Tz HiTyeo) = Y Wit =t e (x—s(01)- =53, (39)
[0,Tp] [Ta1,00) ; lS([J) ; L\ i S(/l)

To minimize J, the optimal solution of y is given by the following
problem:

k+1 k
. Xk+1 Xk+1
argmin ( ) w;)-——— a;s(CAP; (B—p,c1,¢2,+ -+, ¢)))-
B ; Y s () (,Z:l: ' ' )S(u)
It is easy to see that the value of y is independent from the value of
Xk+1- S0 J* is also linear with x.1. This completes the proof. [ |

B A PROOF OF THEOREM 5

We prove the optimality of SmartFill by induction on the number of
jobs. In fact, we establish the following stronger induction claim: for
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every instance with k jobs, SmartFill computes an optimal schedul-
ing matrix, and the corresponding optimal objective can be written

as
k

Jir,.ox) = ) e (40)
i=1
where the coefficients a; depend only on B, s(-), and the weights
w;, but not on the job sizes.
For the base case k = 1, allocating the entire resource B to the
only job is clearly optimal. Its completion time is x1 /s(B), and hence

]* w1
=——x
LB
This is precisely the initialization of SmartFill,
W1
6; =B, =1, =—.
! “ “T5B)

Suppose that the claim holds for every instance with k jobs. We
now consider an instance with k + 1 jobs. By Proposition 5, every
optimal policy completes the jobs in the order

k+1Lk,...,1

Let
— *
r= Tk+1
denote the completion time of Job k + 1. By Proposition 4, the
allocation is constant over [0, 7) because no job completes in the
interior of this interval. Denote these constant allocations by

Okl =1, k+ 1

Let

_ pk+1
H= 9k+1

be the resource allocated to Job k + 1 during this interval. Since
Job k + 1 completes at time 7, we have
_ Xk+1
s
Moreover, full resource utilization gives
k

Z@f”:B—y.

i=1
After time 7, Jobs 1,. ..,
remaining sizes

x| = x; — s(8F)z, i=1,...k (42)

(41)

k form a residual k-job instance, with

The restriction of an optimal (k + 1)-job schedule to [z, c0) must be
optimal for this residual instance; otherwise, replacing its tail by a
better schedule would strictly decrease the objective of the original
instance.

By the induction hypothesis, SmartFill optimally schedules this
residual instance, and its objective measured relative to time 7 is

k
o= ). (#3)

i=1
The constants cy, . . ., ¢, determined in the first k iterations charac-

terize the derivative ratios of this optimal tail schedule.

The CDR Rule requires these same derivative ratios to be pre-
served during [0, 7) whenever the corresponding allocations are
positive, while Theorem 2 gives the associated boundary conditions
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when some allocations are zero. Therefore, for a fixed value of g,
the allocations to Jobs 1,. .., k must solve

CAP(B—p,c1y...5Cr)-

By Theorem 3, this CAP instance has a unique solution, which is
computed by GWF. Consequently,

0F+1 = CAP;(B— ¢, ..., ck)s i=1,...k (44)

Thus, once p is fixed, SmartFill computes the unique allocation that
can be part of an optimal schedule.

It remains to optimize p. Because every job remains unfinished
throughout [0, 7), this interval contributes

2+

to the weighted sum of completion times. Combining this contribu-
tion with (43), the objective corresponding to a fixed p is

k+1 k
Jier1(p) = (Z Wl) T+ Z aix;

i=

k k+1
Za,xl + ZW‘ Za 3(9’“”)
i=1 i=1 i=1
k+1
. D wi- Zais(CAP,-(B—y, EA))
i=1 i=1
= ; aix; + S([J) Xk+1>
(45)

where the last equality follows from (41) and (44).
The first term in (45) is independent of u. Hence, the optimal
allocation to Job k + 1 is

k+1
Z wi — Z a;s(CAP;(B— p,c1,...,¢C))

0*! ¢ arg min =l =1 . (46)
s 0<u<B 5(#)

This is exactly the optimization performed in Eq. (26), with the
minimization convention noted above. Equation (27) then computes

the corresponding allocations to Jobs 1,.. ., k through GWF.
SmartFill next defines
s (0t
Ch41 = ————Ck. 47
e+l SO k (47)

For every i < k with a positive allocation, the existing CAP solution
satisfies

SO o

Ca) T
Together with (47), this gives

k+1
S (0k+1 _ Ck+1

S/(gl{cﬂ) T
Thus, Eq. (28) records the correct CDR constant for Job k + 1, in-

cluding the corresponding boundary condition when an allocation
is zero.
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Finally, define

k+1 k
2w 2 asOr)
i=1 i=1
Ak+1 = . (48)
s

Substituting the minimizing allocation into (45) yields

k
"
Jei = Z AiXi + Afr1Xk+1-

i=1

Therefore, SmartFill computes an optimal scheduling matrix for the
(k + 1)-job instance and preserves the linear representation of the
optimal objective required by the induction hypothesis.

By induction, SmartFill computes an optimal solution to OPT for
every number of jobs M. [
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